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Devwudfw

Wklv qrwh ghvfulehv wkh dojrulwkp xvhg lq wkh qhz uhzd|1

4 Ryhuylhz

Uhfhqwo| L prgl�hg uhzd| dqg zhljk lqwr d vlqjoh surjudp fdoohg uhzd|1 Wkh sxusrvh

ri uhzd| dqg zhljk lv wr dgg qrlvh wr wkh revhuydwlrqv wr pdnh wkh ryhudoo �2 ' ��

Uhzd| grhv wklv e| dgglqj wkh vdph dprxqw ri qrlvh wr hdfk revhuydwlrq1 Zhljk

grhv lw e| dgglqj wkh vdph dprxqw ri qrlvh wr hdfk revhuydwlrq ri d edvholqh1 Wkh

qhz uhzd| frpelqhv wkhvh wzr rswlrqv dqg dggv d wklug= |rx fdq qrz dgg wkh vdph

dprxqw ri qrlvh wr doo revhuydwlrqv lqyroylqj d jlyhq vwdwlrq1 L uhihu wr wkhvh wkuhh

prghv dv joredo/ vwdwlrq dqg edvholqh uhzhljklqj1 Wklv qrwh ghvfulehv wkh dojrulwkpv

xvhg lq qhz uhzd|/ dv zhoo dv vrph sureohpv hqfrxqwhuhg lq jhwwlqj lw wr zrun/ dqg

krz wkh| zhuh ryhufrph ru vlghvwhsshg1

Wkh vwduwlqj srlqw ri wkh dojrulwkp lv wkh dvvxpswlrq wkdw li zh wdnh vrph vxevhw

7 ri doo wkh revhuydwlrqv/ dqg frpsxwh wkh fruuhfw uhgxfhg �2

7
ri wklv vxevhw/ zh

h{shfw wr jhw 41 Zkdw gr L phdq e| wkh fruuhfw �2

7
B L phdq
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Khuh ?7c_Js duh wkh qxpehu ri ghjuhhv ri iuhhgrp lq wklv vxevhw/ j�lv wkh suh0�w vljpd/

dqg {� lv wkh srvw0�w uhvlgxdo1 L kdg ruljlqdoo| dvvxphg wkdw

?7c_Js ' ?7cJKr � rS@,e +5,

zkhuh ?7cJKr duh wkh qxpehu ri revhuydwlrqv lq wklv vxevhw/ dqg vfdoh lv vrph vfdolqj

idfwru lqghshqghqw ri wkh vxevhw1 L duulyhg dw wkh ydoxh ri rS@,e e| frqvlghulqj �2
ryhu

wkh zkroh vhw ri revhuydwlrqv=
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khuh ?JKr lv wkh qxpehu ri revhuydwlrqv xvhg lq wkh vroxwlrq/ ?R@o@6 wkh qxpehu
ri sdudphwhuv/ ?SJ? wkh frqwulexwlrq ri wkh frqvwudlqwv +fdoohg dufbvkduh lq vroyh,1
Prwlydwhg e| wklv h{suhvvlrq/ L wulhg xvlqj

?7c_Js ' ?7cJKr �
?JKr � ?R@o@6 n ?SJ?

?JKr

+7,

zklfk L zloo uhihu wr dv wkh �qdlyh� ghjuhhv ri iuhhgrp1 Wklv ohdgv wr=
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Wklv kdg vrph sureohpv/ zklfk duh ghvfulehg ehorz1 Vxevhtxhqwo| L xvhg d ydoxh

iru ?7c_Js zklfk lv fdofxodwhg edvhg rq wkh srvw �w uhvlgxdov dqg wkhlu vljpdv1 Wkh

fdofxodwlrq ri wklv lv ghvfulehg lq dqrwkhu phpr1

Wkh vwudwhj| ri uhzd| lv wkh iroorzlqj1 Jlyhq vrph vroxwlrq/ dqg vrph sduwlwlrqlqj

ri wkh revhuydwlrqv zh wu| wr dgmxvwv wkh j*v edvhg rq wklv sduwlwlrqlqj vr wkdw �2

7
' �

iru hdfk sduwlwlrq1 Iru joredo/ vwdwlrq/ dqg edvholqh zhljkwlqj/ uhvshfwlyho|/ zh pdnh

wkh iroorzlqj dgmxvwphqwv=
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zkhuh } odehov wkh joredo zhljkw/ @c K odeho wkh vwdwlrq dqg K, odehov wkh edvholqh1 L

zloo uhihu wr wkh zhljkwv jhqhulfdoo| dv j7 �

Lq wkh fdvh ri joredo ru edvholqh zhljkwlqj/ iru d jlyhq vroxwlrq wkhuh lv dw prvw d

vlqjoh xqltxh fkrlfh ri j2

7
vxfk wkdw �

2

7
' �� Wr vhh/ qrwh �uvw r� wkdw lq wkh edvholqh

fdvh/ fkdqjlqj rqh edvholqh zhljkw zloo qrw h�hfw wkh �
2

7
ri dqrwkhu edvholqh1 Khqfh

wkh vhsdudwh edvholqhv ghfrxsoh1 Li zh vhw wkh zhljkw ri d jlyhq edvholqh wr 3/ lwv �2

7

zloo eh dw d pd{lpxp1 Dvvxph wkdw �2
7
Ej7 ' f� : �� Li wklv lv qrw wkh fdvh/ wkhuh lv

qr zd| wr pdnh �2

7
' �� Dv zh lqfuhdvh wkh ydoxh ri wkh zhljkwv/ zh ghfuhdvh wkh ydoxh

ri wkh �
2

7
�Zlwk d odujh hqrxjk fkrlfh ri wkh zhljkwv/ zh fdq pdnh wkh �2

7
ydqlvk1

Vlqfh �2

7
lv d frqwlqxrxv ixqfwlrq ri j2

7
zh pxvw kdyh �2

7
' � iru vrph lqwhuphgldwh

ydoxh1

Iru vwdwlrq edvhg zhljkwlqj wkh vlwxdwlrq lv qrw txlwh dv fohdu/ ehfdxvh hdfk revhu0

ydwlrq kdv d frqwulexwlrq iurp wzr vwdwlrqv1 L gr qrw nqrz li |rx fdq dozd|v fkrrvh
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zhljkwv vr wkdw �2
r
' �c ru iru wkdw pdwwhu li wkh fkrlfh ri zhljkwv lv xqltxh1 Lq idfw/

zlwk wkh dojrulwkp L dp xvlqj qrz wkhuh duh d ihz fdvhv lq vwdwlrq zhljkwlqj zkhuh

L gr qrw �qg d vroxwlrq zlwk doo wkh �2

7
' �1

P| dssurdfk wr wkh sureohp ri frplqj xs zlwk d vhw ri zhljkwv vxfk wkdw �2

r
'

� zdv wr uhfdvw lw lq whupv ri d plqlpl}dwlrq sureohp1 Wkdw lv/ wr frqvwuxfw d ixqfwlrq

zklfk ghshqghg rq wkh zhljkwv/ dqg zkhq plqlpl}hg zrxog jxdudqwhh wkdw doo ri wkh

�
2

r
zrxog eh +forvh wr, 41 H{solflwo|=

8 ' 8 Ej
r
� +:,

8 ' plqlpxp, �
2

r
� �

Wkh ixqfwlrq 8 lv fdoohg wkh remhfwlyh ixqfwlrq1Wkh fkrlfh ri 8 lv idu iurp xqltxh1

Iru h{dpsoh/ li 8 lv vxfk d ixqfwlrq/ vr lv 8 ?
� D odujh sduw ri wkh zrun zdv frplqj

xs zlwk d vxlwdeoh 8 / dqg wklv lv ghvfulehg lq wkh vhfrqg sduw ri wklv qrwh1

Rqfh wkh sureohp lv irupxodwhg dv d plqlpl}dwlrq sureohp wkhuh duh pdq| urxwlqhv

rqh fdq xvh wr �qg wkh plqlpxp1 L xvhg urxwlqhv iurp Qxphulfdo Uhflshv1 Wr xvh

wkhvh urxwlqhv |rx pxvw zulwh vxeurxwlqhv wkdw frpsxwh 8 dqg lwv judglhqw1

Wkh zhljkwv irxqg zklfk plqlpl}h wkh remhfwlyh ixqfwlrq duh zlwk uhvshfw wr d

vrph sduwlfxodu rJ,�e vroxwlrq1 Krzhyhu/ vlqfh wkh zhljkwv ghwhuplqh krz pxfk dq

revhuydwlrq h�hfwv wkh hvwlpdwhv ri wkh sdudphwhuv/ zh qhhg wr uh0uxq wkh vroxwlrq1

Diwhu wkh vroxwlrq lv uhuxq/ wkh uhvlgxdov zloo fkdqjh/ dqg wkhuh lv qr jxdudqwhh wkdw

zh zloo vwloo kdyh �2

7
' �� Vr wkh vwudwhj| lv wr �qg zhljkwv/ uxq d vroxwlrq/ �qg qhz

zhljkwv wr wklv vroxwlrq/ dqg vr rq xqwlo wkh vlwxdwlrq frqyhujhv1 L irxqg h{shulphq0

wdoo| wkdw diwhu derxw 608 lwhudwlrqv / �2 ri wkh vroxwlrq dv d zkroh vwrsv fkdqjlqj/

dqg dssurdfkhv 41333	f�ff��

Dq dx{loldu| jrdo lq frplqj xs zlwk d frpelqhg urxwlqh zdv wr xvh wkh vorwv zklfk

duh douhdg| suhvhqw lq vroyh1 Vlqfh vroyh kdv vorwv iru wkh edvholqh zhljkwv/ L xvhg wkhvh1

Joredo zhljkwv dqg vwdwlrq zhljkwv duh vshfldo fdvhv ri edvholqh zhljkwv1 Rq hqwu|

wr uhzd| wkh urxwlqh h{dplqhv wkh zhljkwv wr ghwhuplqh zklfk nlqg ri zhljkwlqj zh

duh grlqj= li doo ri wkh zhljkwv duh wkh vdph wkhq zh duh grlqj joredo zhljkwv1 Li wkh

zhljkwv fdq eh uhsuhvhqwhg dv vwdwlrq zhljkwv/ wkdq lw dvvxphv wkdw lv zkdw zh duh

grlqj1 Wklv grhv qrw h�hfw krz wkh zhljkwv duh dssolhg1 Lw rqo| h�hfwv wkh doorzhg

fkdqjhv zh fdq pdnh wr wkh zhljkwv/ ru dowhuqdwlyho|/ krz wkh gdwd lv sduwlwlrqhg1

5 Vhdufk iru dq Remhfwlyh Ixqfwlrq

Lq wklv vhfwlrq L ghvfuleh vrph ri wkh remhfwlyh ixqfwlrqv L xvhg dqg zk| wkh| zhuh

glvfdughg1

P| �uvw fkrlfh ri remhfwlyh ixqfwlrq zdv=
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zklfk kdv wkh surshuwlhv olvwhg lq htxdwlrq +:,1 Wklv zdv pdq| prqwkv ehiruh L kdg
hyhq khdg wkh skudvh �d srvwhulrul vljpdv�/ dqg vr L xvhg wkh qdlyh irupxod iru wkh
ghjuhhv ri iuhhgrp jlyhq e| htxdwlrq +7,1 Ruljlqdoo| L plqlpl}hg wklv zlwk uhvshfw wr
j
2

7
zklfk L wuhdwhg dv d vlqjoh ydoxh= Lq ydu|lqj 8f L zrxog ydu| j2

7
> lq frpsxwlqj wkh

judglhqw ri 8f zklfk lv xvhg lq wkh plqlpl}dwlrq urxwlqh L zrxog frpsxwh Y8f

YEj2
7
�
� Rqh

frqvhtxhqfh ri wklv lv wkdw vrphwlphv j2

7
zrxog hqg xs qhjdwlyh/ lpso|lqj wkdw j7 zdv

lpdjlqdu|1 Zkhwkhu ru qrw lw lv uhdvrqdeoh wr vxewudfw qrlvh iurp wkh phdvxuhphqwv

rqh kdg wkh sureohp wkdw vroyh h{shfwhg j7 wr eh d uhdo qxpehu1 Wkhuhiruh wkh �uvw �{

L pdgh zdv wr plqlpl}h wkh remhfwlyh ixqfwlrq zlwk uhvshfw wr j7� Wklv dxwrpdwlfdoo|

hqvxuhv wkdw j
2

7
lv srvlwlyh1 Iru pdq| gdwdedvhv wklv zrunhg1

Rqh sureohp zlwk htxdwlrq +;, lv wkdw lw lv v|pphwulf derxw j7 ' f= li nj7 lv

d plqlpxp/ vr lv �j71 Dovr/ wkh plqlpl}dwlrq urxwlqh xvhv wkh judglhqw ri 8f wr

fkrrvh wkh gluhfwlrq lw vhdufkhv1 Vlqfh 8f lv v|pphwulf/ wkh judglhqw ydqlvkhv dw f�

Iru wklv fkrlfh ri zhljkwv wkh urxwlqh zrxog vwdoo1 Wr pdnh qhjdwlyh ydoxhv iru wkh
zhljkwv iruelgghq/ dqg wr uhpryh wkh v|pphwu|/ L prgl�hg htxdwlrq +;, wr=
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L wulhg gl�huhqw ydoxhv iru k/ exw xowlpdwho| vhwwohg rq k ' �f1 Wkh odvw whup whqgv

wr pdnh 8� odujh iru qhjdwlyh ydoxhv ri wkh zhljkwv/ exw lv ljqrudeoh li wkh zhljkwv duh

srvlwlyh1

Djdlq/ wklv zrunhg iru prvw gdwdedvhv1 Krzhyhu L irxqg wkdw L zrxog vrphwlphv

jhw lqwr d vlwxdwlrq zkhuh vrph ri wkh zhljkwv zrxog ehfrph yhu| odujh dqg

Y8�

Yj7
� f� +43,

Wkh urxwlqh zrxog vwrs frqyhujlqj zlwk vrph ri wkh �2
7
' f- P| �uvw dssurdfk dw

suhyhqwlqj wklv iurp kdsshqlqj zdv wr sxw lq kdug fhlolqj olplwv1 L zrxog qrw doorz
dq| ri wkh ghod| zhljkwv wr jr deryh 633 sv/ ru wkh udwh zd|v deryh 4333 iv2v1 Krzhyhu
lq vrph sdwkrorjlfdo fdvhv wkh dojrulwkp zrxog vwdoo dv wkh zhljkwv ehdw djdlqvw wklv
olplw1 Udwkhu wkdq sxw lq kdug olplwv/ L wkhq prgl�hg wkh remhfwlyh ixqfwlrq wr=
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Wklv prgl�fdwlrq kdv wkh surshuw| wkdw li wkh zhljkwv jhw wrr odujh/ wkh qhz vhdufk
gluhfwlrq/ zklfk lv ghwhuplqhg lq sduw e| wkh judglhqw/ srlqwv edfn wr orzhu ydoxhv ri
wkh zhljkwv1 Wklv lv hvvhqwldoo| wkh remhfwlyh ixqfwlrq xvhg lq vroyh lq wkh �uvw elj
whvwv zklfk frpsohwhg vxffhvvixoo|11 Wkh edvholqh vfdwwhu lq wkh vroxwlrqv wkdw xvhg
wkhvh zhljkwv zdv vpdoohu wkdq wkh vwdqgdug vroyh vroxwlrq/ lqglfdwlqj wkdw zh zhuh
grlqj vrphwklqj uljkw1

Lq d vwdwlvwlfdo dqdo|vlv ri wkh vwdwlrq zhljkwv jhqhudwhg lq wklv odujh whvw F1 Pd
irxqg wkdw 426 ri wkh gdwdedvhv kdg wzr vwdwlrqv zlwk vwdwlrq zhljkwv xqghu 5 sv1
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Diwhu glvfxvvlrqv zlwk H1 Klpzklfk L ehfdph frqylqfhg wkdw wkh uhdvrq iru wklv pljkw
eh gxh wr xvlqj wkh lqfruuhfw ghjuhhv ri iuhhgrp lq wkh fdofxodwlrq ri wkh �2

7
� Lq vrph

vhqvh/ p| lqlwldo dvvxpswlrq zdv wkdw wkh lq xhqfh dq revhuydwlrq kdv ghshqgv rqo|

rq lwv irupdo huuruv/ dqg vr wkh h{shfwhg uhvlgxdo ri d jlyhq revhuydwlrq ghshqgv rqo|

lwv irupdo huuruv/ vfdohg e| wkh uhgxfwlrq lq wkh ryhudoo ghjuhhv ri iuhhgrp1 Dfwxdoo|

dv srlqwhg rxw e| H1 Klpzlfk/ vrph revhuydwlrqv h�hfw wkh vroxwlrq pruh vwurqjo|

wkdq rwkhuv1 Dv d frqvhtxhqfh wkh uhvlgxdov ri wkhvh revhuydwlrqv zloo eh vpdoohu1

Vxssrvh rqh ri wkh uhzd| vxevhwv kdv d orw ri wkhvh revhuydwlrqv1 Wkhq zh kdyh wkh

iroorzlqj ylvfrxv flufoh=

41 Uhvlgxdov ri wklv vxe0vhw duh wrr vpdoo1

51 Uhzd| wklqnv wkh zhljkwv duh wrr odujh1

61 Zhljkwv duh uhgxfhg/ dqg d vroxwlrq lv uxq1

71 Uhshdw xqwlo zhljkwv jr wr 31

Zkhq L fkdqjhg wr xvlqj wkh fruuhfw ghjuhhv ri iuhhgrp/ L irxqg wkdw wkhvh sure0

ohpv zhqw dzd|/ ru zhuh pxfk lpsuryhg1

Dv ri wkh wlph wklv qrwh lv ehlqj zulwwhq/ wkh odvw sureohp zdv wkdw iru vrph

gdwdedvhv lw dsshduhg lpsrvvleoh wr pdnh �2
7
' � iru doo ri wkh vwdwlrqv1 Wkh dojrulwkp

zrxog frqwlqxh wr �qg d plqlpxp ri 82� Krzhyhu/ dw wklv plqlpxp �2 ri wkh vroxwlrq

dv d zkroh pljkw eh vljql�fdqwo| gl�huhqw iurp 41 Lq vrph fdvhv lw gl�huhg e| dv pxfk

dv 63(1 Rq forvhu h{dplqdwlrqv lw dsshduhg wkdw prvw ri wkhvh lqyroyhg h{shulphqwv

zkhuh rqh vwdwlrq ru edvholqh dsshduhg pxfk ohvv iuhtxhqwo| wkhq wkh rwkhuv1 Dv lw

vwdqgv 82 wuhdwv doo ri wkh vxevhwv htxdoo|/ hyhq wkrvh zlwk rqo| d ihz revhuydwlrqv1

Lqwxlwlyho| lw pdnhv vhqvh wkdw vhwv zlwk pruh revhuydwlrqv vkrxog eh lpsruwdqw wkdq

wkrvh zlwk rqo| d ihz1 Wklv ohdg wr wkh fxuuhqw irup ri wkh remhfwlyh ixqfwlrq jlyhq

e|=
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Zlwk wklv yhuvlrq ri wkh remhfwlyh ixqfwlrq wkh pd{lpxp wkh pd{lpxp ghyldwlrq ri
�
2ri wkh zkroh vroxwlrq iurp 4133 lv derxw 405(1
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